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1. Introduction 

The Euler equations of incompressible hydrodynamics and their viscous counterparts, 
the Navier-Stokes equations, arise as the lowest order models in a hierarchy of fluids models 
known as differential-type fluids or Rivlin-Ericksen fluids developed in ||3^ forty-five years 
ago. A first order correction to these equations is provided by the second-grade fluids model 
[35 1, written in Euclidean space M" as the following system: 

dt{l — a'^A)u — uAu + curl(l — A)n x u = — grad p, 
m(0) = uq, div n = 0, 



(1.1) 
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where u{t, x) is the velocity vector field, p{t, x) is the scalar pressure, and a, are positive 
constants. Formally, as a ^ 0, the Navier-Stokes equations are recovered. 

Although the system (|1.1[) has been widely studied in the mathematics literature (see 
|l3| , |jl2| , ||2^ , |jl5| , , [|35|| , and the many references therein) , its complicated nonlinearity, 
mixed temporal-spatial differential operators, and incompressibility constraint have caused 
difficulties for traditional analytic techniques, and the following fundamental problems have 
remained open: Lagrangian boundary conditions, local existence and uniqueness of smooth- 
in-time solutions for the inviscid (z^ = 0) problem in dimension three, viscosity independent 
time intervals of existence, and the regular limit of zero viscosity in fluid domains with 
boundary. In this paper, we shall state three main theorems which solve these problems. 
Our method is geometric, and relies heavily on properties of certain nonlinear operators 
between sections of infinite-dimensional Hilbert bundles over new subgroups of the volume- 
preserving diffeomorphism group. 

We have been motivated to study the equation (^]^) because of the remarkable fact 
that the recently developed averaged Euler equation or Euler-a equation (see, for example, 
Ipsll , ||2^ , l39|] , [p9| , |l30|), which was introduced as an LESQ-type mathematical model for 
incompressible fluid flow, is mathematically identical to the second-grade fluids equation 
with zero viscosity; with viscosity present (|1.1| ) is known as the averaged Navier-Stokes 
equation. This coincidence is completely surprising because the parameter a in the Rivlin- 
Ericksen hierarchy represents a material parameter measuring the elastic response of the 
fluid, while this parameter in the averaged Euler-formulation denotes a spatial length scale. 
In yet another striking coincidence, the equation (|1.1| ) exactly coincides with the vortex 
blob numerical algorithm introduced by Chorin in jl^] with a particular choice of smoothing 
function. Irregardless of the context in which ( |1.2D is considered, solutions of this equation 
with sufficiently small a are able to qualitatively reproduce the behaviour of the large scale 
flow (spatial scales larger than a) for high-Reynolds number incompressible fluids, while 
filtering or averaging over the small-scales pi] As a result this model is better suited 



for numerical simulations of complex fluid flow and turbulence [22|. We study the analytic 
and geometric properties of this fluid motion. 

We first generalize the system of equations ( |1.1[ ) from M" to the setting of a C°° compact 
oriented n-dimensional Riemannian manifold with C°° boundary, {M,g). Letting V denote 
the Levi-Civita covariant derivative, (11.11) becomes 



dt{l — a^Ar)n — i^Aj-u + Vm(1 — a^Ar)n - a^(Vu)* • A^n = — grad p, 

div n = 0, u{0) = uq, (1.2) 
a>0, Ar = -id5 + 5d) + 2mc, 

together with one of the following three boundary conditions: 

(a) Dirichlet or no-slip: n = on dM, 

(b) Neumann or free-slip: g{u,n) = and (Vnii)*^"^ + Sniu) = on dM, 

(c) mixed: u = onLi, and g{u,n) = 0, (V„u)*^'^ + S'„(n) = Oonr2, where = riUr2, 
Fi = dM /T2, and the sets Fi, F2 are disjoint. 

On a Riemannian manifold, there is always more than one choice for the correct "Laplacian" 
on vector fields or 1-forms. Our Laplacian A^ is the operator C = — 2DePDef acting on 



^LES stands for Large Eddy Simulation and constitutes a class of models that average over the small 
scales of the fluid which cannot be resolved computationally. 
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divergence-free vector fields (or coexact 1-forms), where the (rate of) deformation tensor is 
given by 

Def(u) = 2^^^ ^^*) = 2°^"^' ~ derivative, 

and DeF is the formal adjoint of Def. Other possible choices are the Hodge Laplacian 
—A = {d5 + 5d) or the rough Laplacian — TrVV, but the boundary conditions (a)-(c) insist 
upon our choice C Note that 

(V„n)*'^° + 5„(n) = [Def(7x)-n^" 

for vector fields u which are tangential to dM. 

Further Notation. For each x G dM, the ^-orthogonal bundle splitting T^M = T^dM 
Nx induces the Whitney sum 

TM\qm = TdM ®g N, 

where is the normal bundle, = Ux^dM^x i dM. 

Letting tt : E ^ M he a vector bundle over M (or over dM), we denote the sections 
of E by H%E) and for all tj G V, we set H^{E) := {U G H^{M, E) \tt oU = r]}. 

For any vector bundle £ over a base manifold A4 , we shall often make use of the notation 
£m i to denote £, where £m is the fiber over m G ^A. 

We use R to denote the Riemannian curvature operator of V. The Ricci curvature as a 
bilinear form is given by 

Ric(x, y) = Tr g(R{x, ■)-,y), 

with the associated linear operator Ric: T^M T^M given by g(Ric{x),y) = Ric(x,y). 

If T? G H%M,M), then the tangent mapping Tr] is in H''-^{M,T*M (g) r]*{TM)). If 
w G TxM, then in a local chart, Tr]{x) ■ w = {r]{x), Drj{x) ■ w) where D is the matrix of 
partial derivatives of ry with respect to the coordinate chart. 

We shall use the symbol £ to denote the Lie derivative, d for the exterior derivative on 
A^{M), the differential /c-forms on M, and 6 for its formal adjoint with respect to the 
pairing. For a vector field u on M, Vu* shall denote the transpose of Vn with respect to g. 

The Hodge Laplacian on differential A;- forms is A = —{d5 + 5d), and 

Ar = A + 2Ric. 

When we wish to explicitly convert between vector fields and 1-forms, we shall use the 
musical maps b : TM — > T*M and (j : T*M — > TM; for example, if is a vector field on M, 
then v)' is the associated 1-form. 



2. Main Results 

We prove the existence of smooth-in-time classical solutions to (1.2) by transforming the 



Eulerian equation given above into a Cauchy problem for the Lagrangian fiow map on any 
one of three subgroups of V^, the topological group consisting of Hilbert //^-class volume- 
preserving diffeomorphism of M with inverses. Our first theorem proves the existence 
of these subgroups. 

Theorem 1. We take s > ^ + 1. For r] G "D^, let Trj denote its tangent map, i.e., the 
Frechet derivative of rj thought of as bundle map. Let n denote the outward-pointing normal 
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field along the boundary dM , and let Sn : TdM —i- TdM denote the Weingarten map so 
that 

g {Sn{u),v) = IIn{u,v) = -g{Vun,v), u,v e H'-l (TdM), 
where Iln is the second fundamental form of dM C M. Define the sets 

T^In = e I '^l\dM ■ n G i^r'^'(^)' for all n e H''-'I\N)}, 

and 

'^lt,mix = ^ T^li I V leaves invariant, ?7|ri = e, 

Tr/lra • n £ H-'~^^'^{N\T2), for all n £ H-'-^^'^{N\T2)}, 

where we suppose that M,dM are C°°, that Ti and T2 are two disjoint subsets of dM 
such that if niQ E Fj (z = 1,2), a local chart U (in M) about mo can be chosen so that 
U n dM C Fj,- furthermore, we assume that Fi = dM /T2 and that dM = Fi U F2. 

Then 'D^'^^d, T^I^N' ^^'^ '^fi,mix ^'"^ subgroups ofD^^, and the tangent space at the 

identity of these groups is given by 

T.V^j, = {u GTeP^ I {Vnu\aMT'' + Sn{u) = € H'^~^'\TdM) 
for all n G H'-^/'^{N)}, 

TeVlo = eTeP^ I U\9M = 0}, 

and 

TeV^rm. = ^ T,V^^ \ (V„^x|aAf)*"° + Sn{u) = € H'^'HtT2) 

for all n G H'''^{N\T2) and u\r^ = 0}. 

We also form the corresponding sets Vj^, and I^^ix which do not have the volume- 
preserving constraint imposed. These sets are C°° subgroups of the full diffeomorphism 
group T>^ , and have the analogous tangent spaces at the identity without the divergence-free 
constraint. 

We call the groups ^, and ^j^, the Dirichlet, Neumann, and mixed volume- 

preserving diffeomorphism groups. Theorem |I| allows us to do smooth calculus on these 
spaces. We can thus transform the rather complicated evolution equation (|1.2| ) to a simpler 
Cauchy problem for the Lagrangian flow on these spaces. In this article, we shall prove 
results for the case of the group as the no-slip conditions have been of most interest 

in the literature. We are able to prove the following result .0 

Theorem 2. Set s > (n/2) + 1, and let (•,•) denote the right invariant metric on T>^^jj 
given at the identity by 

{X,Y)e = {X,Y)l^ + y(£x9,£y9)l^. 

^By setting dM = 0, all of our results hold for boundaryless compact oriented n dimensional Riemannian 
manifolds. 
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For uq G TgP* ^, there exist intervals I = {—T,T) and I = [0, T), depending on \uo\s, and 
a unique geodesic r] of {■, •) with initial data 77(0) = e and r]{0) = uq such that 

r) ts in C'^{I,TVIj,) 

and has C°° dependence on the initial velocity uq. 

The geodesic rj is the Lagrangian flow of the time- dependent vector field u{t, x) given by 

dtr](t,x) = u{t,r]{t,x)), 

and 

u^c\i,v;)nc\i,v;-^) 

uniquely solves with v = Q, and depends continuously on uq. 

Furthermore, if for r> I, we set = {u G H''{TM) n H^{TM) \ div u = 0}, then 

is the unique solution of j^l.^ for u > 0, depends continuously on uq, and T is independent 
of the viscosity u. 



This is the first analytic result for solutions of (|l.2| ) with or without viscosity that gives 
smooth evolution curves and smooth dependence on initial data (c.f., |13],|12] and 



Corollary 1. In the case that the dimension of M is equal to two, T = 00 and does not 
depend on v . 



Proof. When u is thought of as a 1-form field on M, ( |1.2| ) may be reexpressed as 

dt{l — a^Ar)u + £u{i — a^Ar)u = —dp. 

Taking the exterior derivative of this equation and setting q{t, x) = d{l — Aj.)u(t, x) yields 
the vorticity equation 

dtq + £uq = 0. 

On two-dimensional manifolds, we may identify the 2-form q with its scalar density, in which 
case the above equation takes the particularly simple form 

dtqit, x) + g{u{t, x), grad q{t, x)) = 0, 

divu = 0, u = OondM, (2.1) 
q{0) = d{l - a^Ar)uo, 

with the corresponding weak form 

{q{t, x) ■ dt4>{t, x) + g{q{t, x)u{t, x), grad (j){t, x))) fi{x)dt = (2.2) 



for all (p G C°°(M x M). Equation ( |2.1| ) is equivalent to the pointwise conservation of 
vorticity along the Lagrangian trajectory 

qtorit = Qo; (2.3) 
this is, of course, just the coadjoint action of acting on Tgl?* ^ by right composition. 
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Theorem ^ gives a time interval [— T, T] of existence of solutions to ( |2.1| ) for uq € V'^. 
This, in turn, gives the existence of a weak solution q in Lp'iTM). The conservation law 
(|2.3| ) yields the Casimirs 



f/i, n = n. 

' M 

Thus, we have that •)IIl2(m) is a conserved quantity, and by standard elliptic estimates 
we have that \\u{t, •)\\h^[tm) ^ ^ for all t. Thus, the H^-norvci of •) does not blow up, 
so T = oo. 

The usual bootstrap argument now yields the result for lio G V**, s > 3. □ 

This corollary is certainly not sharp, but rather demonstrates the ease with which one 
obtains global-in-time solutions for ( |1.2| ) in 2D for smooth enough initial data; the proof of 
global existence for 2D Euler is much more difficult, because one must rely on L°° control 
of vorticity and very careful estimates relying on quasi-Lipschitz inequalities. 



For (2.2), unique global solutions exist even for point-vortex initial data in the space of 
Radon measures ||3^. Thus, one can solve a point- vortex ODE and generate a unique global 
PDE solution. This is not known to be the case for the point-vortex ODE associated with 
the 2D Euler equation, for which the least regular initial data that gives weak solutions is 
a vortex sheet (see [p^]). 

As a consequence of T being independent of the viscosity v for solutions to (|l.2| ), we 
immediately obtain the following: 



Corollary 2. For s > (n/2) -|- 1, solutions of converge regularly to the inviscid 

solutions u as u ^ Q. Furthermore, letting = dtrjy o rj^^ , the viscous Lagrangian flow rji, 
converges regularly in the H'^ topology to the geodesic flow r] of the right invariant metric 
(■,•). 



This result states that we can generate smooth- in-time solutions to (1.2) with = by 
obtaining a sequence of viscous solutions with v tending to zero. Locally Lipschitz solutions 
were generated in [p9|], so this result provides a significant improvement. Thus, our result 
proves that the flow of the averaged Navier-Stokes equation converges to the flow of the 
averaged Euler equation even in the presence of boundaries. This is in agreement with the 
scaling arguments of Barenblatt-Chorin (see, for example, the second paragraph of Q). 



We remark that traditional techniques, employed in [y^], |12], have crucially relied on 
viscosity to obtain existence of classical solutions. The critical estimates in those papers 
have l/iy bounds, which prevent a limit of zero viscosity result. 

The viscous term in (^]^) is given by —uArU, and is derived from a rather deep con- 
stitutive theory for simple materials [^5|. It is possible, however, to study this system on 
domains without boundary, with stronger forms of viscosity. For example, on the three- 
dimensional torus, the article |21| uses the dissipative term — z^A(l — A)n instead, which 



is strong enough to guarantee global-in-time existence and uniqueness. Following the prod- 



uct formula approach developed in |17|, we can prove a regular limit of zero viscosity for 



this type of dissipation as well. For the following, which is Theorem 13.1 in |17|, we assume 
that M has no boundary. 

Proposition 1. Let B : TD^ — > T'^V^ be the C°° geodesic spray of the metric (■, •)!. For 
each s > (n/2) + l and a >2, letT : TgD^ TgP^"'^ be a bounded linear map that generates 
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a strongly- continuous semi-group Ft : TeV^^ T^e^li, t >Q, and satisfies \\Ft\\s < e^* for 
some P > and some s. Extend Ft to TV^ by 

Ft{Xri) = TRri ■ Ft ■ TR^-i{Xn) 

for G Tj^T)^^, and let T he the vector field T : TD^ T^D*^*^ associated to the flow Ff 
Then B + uT generates a unique local uniformly Lipschitz flow on TV^ for u > 0, and 
the integral curves r]'^{t) with r]'^{0) = e extend for a fixed time r > independent of v and 
are unique. Further, 

limy {t)=v\t) 

for each t, < t < t, the limit being in the H'^ topology, s > (n/2) + 1 + 2a. In particular, 
this holds for a = 2, and T = — A^. 



By inverting (1 — a^A^) in (|1.2| ) we see that the dissipation is exactly of the form —uArU, 
and that this operator with Dirichlet boundary data generates a strongly continuous semi- 



group. Setting the nonlinear operator B to equal the geodesic spray of (1.2), which is C°° 
by Theorem |2|, we have proven the following: 

Corollary 3. For s > ^ + 5 and boundaryless manifolds M , solutions to 

dt{l - a'^Ar)u - 1/(1 - a'^Ar)ArU + V„(l - a'^Ar)u - a^{VuY ■ A^u = -grad p, 

div u = 0, u{0) = uq, 

converge regularly in to solutions of the inviscid equation with z/ = 0. 

Theorem |2| also provides interesting geometric corollaries. We define the Riemannian 
exponential map <Sxpe : TeV^^jj — > of the right invariant metric (•, •) by fxpe(tn) = 

rj{t), where t > is sufficiently small, and r]{t) is the geodesic curve on 'D'^^ emanating 
from e with initial velocity u. Because the above theorem guarantees that geodesies of (•, •) 
have dependence on initial data, fxpe is well defined, satisfies fxpe(O) = e, and so by 
the inverse function theorem we obtain 

Corollary 4. For s > (n/2) + 1, the Riemannian exponential map £xp^ : TeV^ ^ — > 

is a local diffeomorphism, and two elements rji and 772 of that are in a sufficiently 

small neighborhood of e can be connected by a unique geodesic of {■, ■) in 'D'^^j^. 

Note that for the right invariant metric on whose geodesic flow gives solutions 
to the Euler equations, the analogous local result was obtained by Ebin-Marsden [17|, but 



Shnirelman |40| has shown that this local result does not hold globally. Namely, when M 
is the unit cube in M^, he proved the existence of fluid configurations which cannot be con- 
nected to the identity by an energy minimizing curve. This has motivated the construction 
of generalized flows; Brenier Q has recently constructed Young measure-valued flows that 
are both Lagrangian and Eulerian in character, and which give weak solutions to the Euler 
equations in the sense of connecting any two fluid configurations (again on the unit cube in 
M^). The construction of such weak solutions for the weak form of ( |1.2D , given on the flat 
three-torus T'^ by 
rT 

{—u ■ dt(j) — u®u : 
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+q2 [Vu ■ Vn* + Vii • Vu - V-u* • Vn] : V(l - a^A)"^} d^dt = 

for all (j) E C°°([0, T] x T^) with div (/> = 0, is the subject of ongoing research. In this setting, 
one generates weak solutions whose distributional derivatives are Young measures. 

The last corollary of Theorem § which we shall state concerns the behavior of the ex- 
ponential map. Note that while the group exponential map is only C° and does not cover 
a neighborhood of the identity, the Riemannian exponential map on j-, is smooth by 
Theorem |2|, so that in conjunction with the fact that the right multiplication map is C°°, 
the topological group j-, looks very much like a Lie group. As a consequence of the 
smoothness of fxpe and the proof of Theorem 12.1 in [|l^, geodesies of (•, •), which are the 
solutions of (1.2) with 1^ = 0, instantly inherit the regularity of the initial data. Thus, 



Corollary 5. For s > f + 1, let r](t) be a geodesic of the right invariant metric {■,■) on 
i.e. dtr]{t,x) = u{t,7]{t, x)) and u{t,x) is the unique solution of with u = 0. If 

r]{0) e V'+^ and 77(0) G Tn^o)'^'^^D forO<k<oo, then is H'+^ for all t G /. 

Our final theorem is geometric and concerns the existence of the weak Levi-Civita covari- 
ant derivative on £, of the the weak right invariant metric (•,•), as well as its Riemannian 
curvature operator. 

Because the metric (■, •) is equivalent to an metric by Korn's inequality, it induces a 
weak topology relative to the strong topology, s > ^ + 1, of T^^^jj- In general, there does 
not exist a weak covariant derivative operator associated to a weak metric, nor a bounded 
Riemannian curvature operator. Thanks to Theorem^, however, these structures do indeed 
exist. 

Theorem 3. Extending X^, Yri, Z^^ G 7?;^^^ j^, "t] € _D' smooth vector fields X, Y, Z on 
"^fiD' ^^sre exists a right invariant unique Levi-Civita covariant derivative V of {■,■) on 
'^l.,D 9iven by 



VxYir^) = [Ve o [dt{Y^ o r/-i) + V^^^.-i {Y^ o r^-^) 

+ o r]-\Y^ or]-')+ ^{Xr, o r,-\Y, o r^-^))] } o rj, 

where it and 9^ are given by polarization of the operators U and TZ, respectively, defined by 

U{u) =a^(l - Q^Cy^{d\\ [Vn • Vu* + Vn • Vu - Vn* • Vn] + grad Tr(Vn • Vn)} 
7^(n) =0^(1 - a^C)-^{Ti [V {R{u, ■)u) + R{u, ■)Vu + R{Wu, ■)u] 

+ grad Ric(n,n) — (V^Ric) • n + Vn* • Ric(n)}, 

and where for r > 1, Ve : H^{TM) n Hq(TM) is the {■,-)e- orthogonal projection 

given by 

Ve{F) = V 

where n G is the unique solution of the Stokes problem 

(1 - C)v + grad p = {1 - C)F, 
div n = 0, n = on dM. 
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For right-invariant vector fields X, Y on ^ which are completely determined by there 
value at the identity Xe,Ye, 

VxY{e) = Ve o [VxY, + ^ Ye) + ^(Xe, Ye)) 

Finally, define the weak Riemannian curvature tensor 

Rr, ■ [Tr,'^ti,D] ^ TrPl^^j:, 

by 

R^{X^,Yr,)Zr, = (VyVx^)^ " (v^VyZ)^ + (V[x,y]^)^, V e 
Then for s > (n/2) +2, R is right invariant and continuous in the H'^ topology. 

Since the weak curvature operator R is bounded in for s > § + 2, the fundamental 
existence and uniqueness theorem for ordinary differential equations provides us with the 
following: 

Corollary 6. For s > (n/2) + 2 and y,y (z TeV^^, there exists a unique vector field 
Y{t) along a geodesic curve rj of (•, •) which is solution to the Jacobi equation 

v^v^y + R^iv, Y)l^ = 0, y(o) = y, v^y(o) = y. 

Because the geodesic flow ij of the right invariant metric (•, •) on 2?* is the solution of 
( |1.2| ) with 1^ = 0, and since Jacobi's equation is the linearization of the geodesic flow, Corol- 
lary |6| proves existence and uniqueness of ([L.2|), linearized about a solution u = dtrj o rj^^. 
We are thus able to follow Arnold Q, and study the Lagrangian stability of our solutions, 
by studying the curvature of our infinite-dimensional group. Positive curvature indicates 
stable motion, while negative curvature implies exponential divergence of trajectories. 

Since this system, thought of as the averaged Euler equation, averages over the small-scale 
fluid motion, one might hope that solutions of ( |1.2| ) might have nicer stability properties 
than solutions to the Euler equations. Geometrically, this implies that as a is increased 
away from zero, the sectional curvatures which are negative for Euler flow flip sign and 
become positive. Indeed, this seems to be the case; we give a simple example. 

We consider periodic two-dimensional motion, so the configuration space is the group 
of volume-preserving diffeomorphisms of the two-torus . Consider the parallel sinusoidal 
steady flow given by the stream function ^ = cos(A;, x) and let ip be any other vector of the 
tangent space at e, i.e., if) = "^xiei, where X-i = xi. Theorem 3.4 of states that the 
curvature of the group X'^(r^) in any two-dimensional plane containing the direction ^ is 
non-positive and is given by 

I 

(k X 

where Oki = -r- rp, k x I = kil2 — k2li is the (oriented) area of the parallelogram spanned 

by k and and 5 is the area of the torus. Then, a corollary of this theorem states that the 
curvature in the plane defined by the stream functions ^ = cos(A;, x) and = cos(/,x) is 

K^^ = -(fc2 + /2)sin2/3sin2 7/45, 
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where /? is the angle between k and /, and 7 is the angle between k + / and k — I. Recall 
that these are the curvatures with respect to the right invariant metric. 

Now using the right invariant metric (•, •) on P^(T^), one can prove the following result: 

Let K{^,, ■0) denote the sectional curvature on I'^(T^) with the right invariant metric (•, •), 
where ^ = cos(fe, x) and = cos(/,x). For |e| sufficiently small, let / = A; + e. Then for any 
k, there exists < ao(^) < li such that for all a > ao{k), K{S^,tp) > 0. 

3. Review of the Hilbert manifold of maps and diffeomorphism groups 
Let us briefly recall some facts concerning the geometry of the manifold of maps between 



two Riemannian manifolds. We refer the reader to [^], and [19| for a comprehensive 
treatment of this subject. Let (M, g) be a C°° compact oriented n-dimensional Riemannian 
manifold with boundary, and let (A^, h) denote a p-dimensional compact oriented bound- 
aryless Riemannian manifold. By Sobolev's embedding theorem, when s > n/2 + k, the 
set of Sobolev mappings H''^{M,N) is a subset of C^{M,N) with continuous inclusion, and 
so for s > n/2, an H'^-map of AI into is pointwise well-defined. Mappings in the space 

(M, N) are those whose first s distributional derivatives are square integrable in any 
system of charts covering the two manifolds. 

For s > n/2, the space H^{M,N) is a C°° differentiable Hilbert manifold. Let exp: 
TN N he, the exponential mapping associated with h. Then for each (f) € H^(M, N), the 
map Wexp : T^H^{M, N) — > H^(M,N) is used to provide a differentiable structure which 
is independent of the chosen metric, where Li;cxp(^^) = expoti, and T^pH^ {M, N) = {n G 
H'{M, TN) I 7f o n = (/)}, where if.TN ^ N. 

When dM ^ 0, the set H^(M, M) is not a smooth manifold. We can, however, embed 
M into its double M, a compact boundaryless manifold of the same dimension, extending 
the metric g to M. Using the above construction, we form the C°° manifold H^{M, M). 
Then for s > (n/2) + 1, the set 

P'* = {r/ G H''{M,M) I 7] is bijective ,r]~^ G H^{M,M), 

r] leaves dM invariant} 

is an open subset of H^{M,M). By choosing a metric on M for which dM is a totally 
geodesic submanifold, the above construction provides V with a C°° differentiable structure 



(see [17 1 for details). For each r] £ , the tangent space at rj is given by 

TrjV = {ue W{M, TM) I vr o n = r/, ^(u o 7?"\ n) = on dM] 

and the vector space TeP* consists of the class vector fields on M which are tangent to 
dM. 

Let /i denote the Riemannian volume form on M, and let 

P^:= {r?GP^h*(/x)=/x} 

be the subset of whose elements preserve ^. As proven in |17], the set is a C°° 
subgroup of for s > (n/2)+l. We call the group of volume preserving diffeomorphisms 
of class H'^. The tangent space at r/ G is given by 

TriVf^ = {u eH^iM, TM) \iTou = 7], g{uor]-^,n) = on dM, 

^This result was obtained together with Sergey Pekarsky. 
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div('U o r]^^) = 0}, 

SO that the vector space TgP^ consists of divergence-free class vector fields on M that 
are tangent to dM. 

We have the following standard composition lemma: 

Lemma 1 (uj and a lemmas) . For r] (^D^ , right multiplication 

Rr,:V' ^ V {H' H'), C ^ C ° is C°°, 

and for rj G D*"'"'', left multiplication 

Finally, the inverse map {r\ ^ ??^^) : T)^ T^^ is only and not even locally Lipschitz 
continuous. Thus, and are not Lie groups, but are C°° topological groups with C°° 
right translation. 

4. Proof of Theorem [i| 

4.1. The Neumann group V^^j^. We begin by first establishing the result for T>^^j^. We 
split the proof into three steps. 

Step 1. Bundles over and the transversal mapping theorem. 

Recall that a smooth map between Hilbert manifolds / : Mi — > M2 is transversal to a 
submanifold of M2 if for ah m € /"^A^a), Tf{rn) {T^Mi) + Tf^^)M3 = Tf^^)M2. 
The transversal mapping theorem asserts that /"^(A^a) is a submanifold of A4i if / is 
transversal to M.3. 

Let us define the following infinite dimensional vector bundles over 2?^: 

J^ = H"r,~hTM\dM) IV'^, 
£ = H:,'^TdM) iV;, 



Hr, ^TM\dMy ^{TdM) 



For X € dM, let Hx ■ T^M — s- TxdM be the g-orthogonal projector, and define the 
section 11 : —i- Q pointwise by Ii{rj){x) = n^(^), so that for all r/ € I^*, 11(77) • 

H'n~^^'^{TM\dM) H^'^^^{TdM). For n G H'-^/'^{N), define the section of J", K ■ 
V'^ ^ by 

K{ri) = TtjIqm ■ n. 
Finally, let /„ : £ denote the section of £ which is given by 

/„ = n o hn- 

Then, the set ^ is the inverse image of /„ acting on the zero section of £. 
Lemma 2. The map fn-.V^SisC^. 

Proof. This follows from Lemma ^ the trace theorem, and the fact that 11 is smooth, as g 
and dM are C~. □ 
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Hence, by the transversal mapping theorem, to show that is a C°° subgroup of 

P^, we shall prove that is a surjection; this will provide 2^^^ with smooth differentiable 
structure. That ^ is a C°° subgroup then follows from the fact that ^ is trivially 
closed under right composition. 

Step 2. The covariant derivative of /„. 

We use the symbol V to denote the weak Levi-Civita covariant derivative on sections of J- 
and Q (as obtained in Lemma §). Following the methodology of Lemma ^ we compute that 
for ah ?7 G and u G T^P^, V„/i„(r/) G J^^ = H^'^^'^ {TM\dM) is given by 

V„/l„(7?) = V„M, 

where V denotes the Levi-Civita covariant derivative in r]*{TM). 

Next, we compute the covariant derivative of the section H oi Q. We shall denote the 
metric tensor g evaluated at the point r/(x) by Using the fact that g is covariantly 

constant, and letting (•)*^'^ denote the tangential component of a mapping v : dM 
TM\dM, we have that 

9^n(x) a^u^rjix)] ■ v{x),z{x)) = ((V„t;(x))*^'',z(x)) 

{{Vuz{x)r\v{x))-u[g,^,^{v'^-{x),z'--{x))] (4.1) 

where we use the notation: u[f] = df ■ u for any function / G C^{M). It is clear that the 
operator V„n^ is self-adjoint with respect to g. By definition of the (^-orthogonal projector 
Ilri{x)j see that for all x G dM, 

9v{x) (n^(x) • w{x), iy{x)) =0, yweTr„ue W^-^/\n), 

so that setting the map v in equation ( [4. ID equal to the mapping i/, and noting that the 
covariant derivative V on is the functorial lift of V, we obtain the formula 

[V„n(r?)] {u) = -(V„i.)*^° = S,{u). 
It follows that for all r] G fn^iO), 

= 5.(n) + (Vnu)*^-^ G 

where u = Trj\dM • n £ Hjj ^ (N). 
Step 3. /„ is a surjection. 

It remains to show that for all r] G f^^iO), V/„(r/) : T^jV^^ is onto. Because right 

translation on is a smooth operation, it suffices to find u G T^V^ such that Vufnie.) = w 

for any w G H''-^/'^{TdM). To do so, we shall solve the following elliptic boundary value 
problem: Find {u,p) G TeV^ x H'-^{M)/M. such that 

(1 — Ar)n + grad p = F, div u = in M, , , 

g{u, n) = 0, {Vnuf^'' + 5„(n) = on dM, ^ ^ 

where F G H'-^{TM),w G H'-^/^{TdM),n e H'-'^/^{N). 
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We first define the space 

H\{TM) = {ve H^{TM)\A\w u = and g{u,n) = on dM}, 

and establish the existence of a unique weak solution u G H\{TM) to (f4.2D . Let B : 
H\{TM) X H\{TM) ^ M be the bihnear form given by 

B{u,v)= / [g{u,v) + 2g{Bef u,Dei v)]^i. 

B is symmetric and by Korn's inequality, which states that \u\i < (7|Def u\o + C\u\o (see, 
for example, Corollary 12.3), there exists /3 > such that P\u\i < B{u,u); hence, 
B is coercive with respect to H\{TM). Let ^ : H\{TM) — M be given by ^{v) = 
hi9{F,v)n + fQ]y.jg{w,v)ng. By the trace theorem, \ fgj^,j g{w,v)fiQ\ < C\w\l2itqm) \v\i, 
so that together with the Cauchy-Schwartz inequality and the embedding ^ L^, 
we see that ^ G H\{TM)*. Hence, by the Lax-Mil gram theorem, their exists a unique 
u G H\{TM) satisfying B{u,v) = ^{v) for all v G H\{TM). This, in turn, uniquely deter- 
mines p G L^(M)/M, as the solution of B{u,v) — d{v) = JmP ' '^^^ ^A* fo^' ^ ^ H^{TM) 
that satisfy g{u,n) = on DM. We have thus obtained a unique weak solution (n,p) G 
H\{TM) X L2(M)/M of the boundary value problem ( ^ . 
Now, since 

2Def*Def u = -2DivDef u = -Au - 2Ric(n), 
we see that if n G H'^{TM) n H\{TM) satisfies 

B{u,v)=:S{v), yv£H\{TM), 

then u is a solution of ( |4.2| ). We shall use an elliptic regularity argument to prove that u is 
in fact a classical solution of ([4.2| ). 

Let ([/, ^) coordinate chart on M, and x G C'o°(t^)- Since (1 — Ar){xu) = — 
Ar)u) + [(1 — Ar),x]^) and since [(1 — Ar),x]^ is a first-order differential operator, our 
elliptic regularization of u can be localized to the chart U. We can assume that U intersects 
dM, for otherwise, standard interior regularity estimates can be applied. Let denote the 
coordinates on U and set di = d/dx^. We may express the Hodge Laplacian A on [/ as 

An = Aloe + 

where Aioc = g^^ {x)didjU, and y is a first order differential operator. 
We consider the boundary value problem in U given by 

(1 — Aioc)n + grad p = F, div u = p in U, 
Bo{u) = 0,Bi{u) =w on dU, 

where Bo{u) = g{u,n), Bi{u) = 2[{Du + Du^) ■ n]*^"^, and Du ■ n = dju^gln^. Applying 
induction to the usual difference quotient argument (see, for example, |4^) yields the elliptic 
estimate 

\u\s + \p\s-l < C {\F\s-2 + \p\s-l + \Bo{u)\s_i/2 + |-Bl(^^)!s-3/2) ■ 

Hence, the operator £ : H'nH\{TU) H'~'^{TU)®H'-^{U)®H'~^/'^{TdU) ®H'-^/^{TdU) 
given by 

Cu = ((1 - Aiocn),div u,Bq{u),Bi{u)) = {F,p,0,w) 
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has closed range, and since its adjoint has a trivial kernel, L is an isomorphism (see also 



1 31 1 for an alternative proof that L is an isomorphism). 
A simple computation verifies that along 5M, 

2[Def u ■ n]*^^ = (V„n)*^° + 5„(u) V n G H\{TM), 

so that on dU , [Def u ■ n]^^^ differs from Bi{u) by a linear combination of C°° Christoffel 
maps, and we shall denote this difference by r(M). Hence, the operator C : n H\{TU) 
H'-'^iTU) e H'-\U) e H'-^/'^iTdU) e H'-'-^/^iTdU) given by 

Cu={{l- A,)n, div u, Boiu), (V„tx)*""^ + 

differs from Cu by the operator ICu = {Y{u) + Ric(u), 0, 0, r(u)) which is compact by 
Rellich's theorem. Therefore, C has index and trivial kernel, and is thus an isomorphism, 
which concludes that I?^^ is a subgroup of P^. 

With an almost trivial modification, Df^ is a C°° subgroup of . To see this, we redefine 
the vector bundles £,T,G to have as base manifold rather than 2?* , and we redefine the 
space H\{TM), removing the divergence-free constraint. In this case, 

2Def*Def u = -2DivDef n = -(A + 2Ric + grad div)u, 

so to establish that fn is a surjection, we solve the following boundary value problem: For 

F G H'~'^{TM), w G H'-^/^{TdM) and n G H'-'^/'^{N), find u G TeV satisfying 

[1 - {Ar + grad div)]n = F in M , . 

g{u, n) = 0, (V„n)*^'^ + 5„(n) = u; on dM. ^ 

A weak solution in H\{TM) is obtained using the Lax-Milgram theorem just as in Step 
3 above. Up to a compact operator, this is precisely the elliptic system studied in ([pO|), 
wherein existence and uniqueness of classical solutions is established. Since modification 
of an elliptic operator by lower-order terms does not change its index, we have existence of 
u G Tf-T)^^ solving ( [4. 3D , and this completes the argument for the subgroup 2?|^. 

4.2. The mixed group ^^^^ia;" shall follow the three step proof above, keeping the 
same notation. 

Step 1. Bundles over and the inverse function theorem. 

We modify the vector bundles T, £, and Q as follows: 

.F = Fr^(TM|r2) iP^, 

g= Hr~HTM\T2)* H'^~HTT2) [V^ 

For n G H'-^''^{N\T2), define /„ : ^ V'~^/'^{Ti) x f by 

In{ri) = [??|ri,/n(r/)] = [??|ri,n(?7) o (r7?|r2 • n)] . 
The trace theorem together with Lemma ^ ensures that /„ is C°° . Since T>^^^^ = fn^{e, 0), 
we must prove that /„ is a surjection, in order to show that V^^^^^ is a sub manifold of VJ^. 
Again, it is clear that the set T)^^-^ is closed under right composition. 
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Step 2. Computing the tangent map of /„. 

Step 2 of the case ^ shows that for any u G T^jV^^, 

Vufn = S,{u) + (V„n)*^° G u = Tr]\r, ■ n G H'^-^/^iN\T2). 

Now Vufn is the vertical component of T/„ • ti, the T£'-valued image of u under the 
tangent mapping Tfn- Letting Ti C T£ denote the connection associated with the Levi- 
Civita covariant derivative V (see Step 1 above) , we have the local decomposition T/„ • u = 
Vu/n — • fni where lot-i is the local connection 1-form on £ associated with the 

horizontal distribution 7i. Then, 

Tfn{ri) ■ u = {u\r^,Vufn{v) - ^n{u) ■ /„(r?)), u G T^X*^. 
Step 3. /„ is a surjection. 

It suffices to prove that for all {ij,w) G H'~'^/^{TM\Ti) x S^, there exists u G T^P^ such 
that 

n = V' on Fi 
(V„n)*^° + Sniu) =wonT2, 
and to do so, we shall follow Step 3 for the case of ^, and obtain u as the solution of 



(1 — Ar)u + grad p = F, div n = 0, in M, 

u = V on Fi, (4.4) 
g{u, n) = 0, {Vnuf^'' + S„(n) = on Fa- 

It suffices to consider the homogeneous boundary condition ti = on Fi. 
To obtain a weak solution to ( [4.4D , we define 

H\{TM) = {v e H^{TM)\div v = 0, g{u,n) = on F2 and n = on Fi}, 

and again consider the bilinear form B : H\{TM) x H\{TM) M given by 



B{u,v)= / [g{u,v) + 2g{Def u,Bei v)]fi. 
J M 



We define ^ : H\{TM) ^ M by '^{v) = jj^ g{F, v)n + /p_^ g{w, v)^q. The argument we gave 
in Step 3 of the case ^ shows that there exists a unique solution u G H\ {TM) satisfying 
B{u,v) = ^{v) for all v G H\{TM). 

Now, if u G H'^{TM) n H\{TM) satisfies B{u,v) = 'S{v) for all v G H\{TM), then u 



is a solution of the mixed problem {iA) for which elliptic regularity is slightly more subtle 
than for the Neumann problem. In particular, the identical argument which we used for 
that problem provides the class regularity of u on M/(Fi PI F2); after all, the boundary 
conditions on both Fi and F2 are elliptic in the sense of Agmon-Douglis-Nirenberg as the 



Complementary Condition is satisfied (see |l|], and see |41] for an alternative method). The 
fact that dM is C°° and that dM = Fi U r2 gives the regularity of the solution on M 
(see, for example, Fichera |2^], pages 377 and 385). Hence, our argument in Step 3 for the 
subgroup ^ given above yields a unique solution u G H^{TM) n H\{TM) of (4^), and 
thus concludes the proof that ^^^^mix a C°° subgroup of . 
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Just as we proved that Vf^ is a subgroup of by a minor modification of the argument 
for the case T^^^j^, we easily obtain that V^^^ is also a subgroup of P*. 



4.3. The subgroup Ti^^j^. This case was studied by Ebin-Marsden |17| using a different 
approach. By setting T2 = $ above, we immediately prove that I?^ is a C°° subgroup 
of I?^ and that P|) is a C°° subgroup of P*, with the appropriate tangent spaces at the 
identity. 

This concludes the proof of Theorem ||. 

4.4. The group exponential map. Let (5* denote either of the groups Pf), P^^, or V^^^, 
and similarly, let denote either of the groups ^, 'D'^^j^, or mix- 

Corollary 7. Lei G Tg©*, and /ei ryj 6e its flow, {d/dt)rit = Vorjt. Then, for s > (n/2) + 
2, rjt is a one parameter subgroup of , and the group exponential map Exp: Te<3^ — > 
given by V r]i is continuous but not continuously differentiable, while the curve t ^-^ rjt is 
. This holds for as well. 



Proof. The result follows from Theorems 3.1 and 6.3). □ 

4.5. Further remarks on difFeomorphism subgroups. The existence of the above C°° 
subgroups follows from the existence, uniqueness, and regularity of solutions to certain 
elliptic boundary value problems. 

This methodology allows to prove directly that for s > {n/2) + 1, I'^mix ^ subgroup 
ofP^ 

We need only modify the map fn given in Step 3 above as follows: For n S H^^^^'^{N\T2) 
and fj, the Riemannian volume form on M, define fn^n '■ T>'^ — s- A^(M) x 2?'^~^/^(ri) x f by 

fnA^) = [^*(/^)>^lri,n(r?) o (T77|r2 • n)] . 
Again is C°°, and following the notation of Step 2, we easily compute that 

TfnA^) = (di'^ {uo7]''^),u\r^,Vufn{r]) -ujn{u) ■ fn{v))i u G T^X*^. 

Finally, the modification to Step 3 consists of obtaining a solution u G TeD^ satisfying 
the boundary value problem 

(1 — Ar)u + grad p = F, div u = q, in M, 

n = V' on Fi, 
giu, n) = 0, iVnuf^'' + S„(n) = u; on F2. 

Only minor modifications need be made to our previous proofs, so we leave this for the 
interested reader. 

Of course, setting F2 = proves the theorem when V'^^-^ is replaced by T^^^j^, while 
setting Fi = proves the theorem in the case that 'D^^ ,^^^ is replaced by T)^^^. 
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5. The Stokes decomposition for manifolds with boundary 

In this section we recall well-known results about the Hodge decomposition for manifolds 
with boundary (see |16| and |^] for proofs), and define a new Stokes decomposition based 
on the solution to the Stokes problem, whose summands are (•, ■)e-orthogonal. 

Let {M,g) be a C°° compact, oriented Riemannian n-dimensional manifold with C°° 
boundary dM, and let i : dM — M be the inclusion map. Then for a smooth vector field 
X on M and n, the outward-pointing normal vector field on dM, i*{X J /i) = g(X,n)fj,Q 
where fj, is the Riemannian volume form, and /Ug is the volume form on dAI coming from 
the induced Riemannian metric. 

By the trace theorem, i*a is well-defined on dM for a € i?*(A'^(M)) when s > 1; hence, 
for such s, a € H^{A^{M)) is tangent (||) to dM if and only if n J a = 0, and normal (_L) 
to dM if and only if n" A a = 0. 

When dM = 0, {da, (3)^2 = {a,d(3)L2, where {(p, 1^)12 = Jm'P^ *^ (here, * : A^{M) ^ 
A"'~'^(M) denotes the Hodge star operator), and we have the standard Hodge decomposition 

H'{A'') = d{H'+\A''-^)) (B6{H'+\A''+^)) e?^^'^ 

where W''' = {a e H'{A^{M))\da = and 5a = 0} are the Harmonic fields. 
When dM 7^ 0, we have that 



{da,(3)L2 - {a,5l3)L2 = I {n^Aa,P)iJ.s 

JdM 



and 

{5a, (3) L2 - {a, dP) ^2 = - {nja, /3)/xa. 

JdM 

This shows that if 5a = 0, then a \\ dM iff (a, d[3)]^2 = for all (3, in which case the notion 
of a II dM is well-defined even if a is only of class L^. Similarly, if da = 0, then a _L dM 
iff {a, d(3) = for all (3. We define 



H!{A') -. 


= {ae W{A^{M)) 1 a \\ dM}, 




Hi{A'^) -. 


= {a G H'{A^{M)) 1 a ± dM}, 






= {aen' \a\\ dM}, 




'-t '- 


= {a G H'{A''{M)) 1 (5a = and a 


dM} 


have the 


Hodge decompositions 




H%A^) -- 


= d{H'^+^{A^~^)) e 5{HI+^{A^+^)) i 




H%A^) -- 


= d{H'+\A^-^)) eC,"'^ 





from which we can define the orthogonal projection onto ker(5). 
Consider the Hodge Laplacian — A = 5d + d5 with domain 

{a e H'^{A^{M)) I n J a = and n J da = 0}, 

and let *Pt denote the L?' orthogonal projection onto Til'^ . We call 

Pe : H-\A^) Hf{A'') 
Pe{co) = ^tio + 5d{- A)-\uj - ^tuj) 
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the Hodge projection. 

We shall now restrict our attention to H^{A^{M)) and identifying 1-forms with vector 
fields thru the metric g on M. Letting = {u E H^{TM) | div u = 0,v || dM}, we may 
equivalently express the Hodge decomposition as 

so that for all u G H'^{TM), u = v + grad p, where v G and p : M — > R is obtained as 
the solution of Neumann problem 

Ap = div u in M 
^(grad p, n) = g{u, n) on dM. 
Thus, a convenient and equivalent formula for the Hodge projection is 

Pe : H'{TM) Xf, Pe{u) =u- grad p. 
For each rj G P^, we define the projector 

= (Pe(^or/-i))ory. 

Thus P : TT)^ TD^, given on each fiber by is a bundle map covering the identity and 
is C°° by Appendix A of 0. 

Next, we define a new projector based on the elliptic Stokes problem. Let C denote Vfj, 
V%, or P^i^, and similarly, let 0^ denote V'^ j^, P^^^, or P^^^^^. 

For r > 1, let V"" denote the i/'" vector fields on M which satisfy the boundary conditions 
prescribed to elements of Tgid^, and set = {n G | div u = 0}. If 1 < r < 2, then 
elements of V and only satisfy the essential boundary conditions (n = on dM if 
(S^ = V'^ jj, g{u,n) = on dM if 0^ = V'^ j^, or u = on Fi and g{u,n) = on Fa if 
0^ = ^^^mja;) because vector fields in V for r < 2 do not possess sufficient regularity for 
the trace map to detect derivatives on the boundary. 

We set C = — 2Def*Def, and consider the positive self-adjoint unbounded operator (1 — -C) 
on L^{TM) with domain D{1 - C) =V^. 

Proposition 2. For r > 1 we have the following well defined decomposition 

= V; © (1 - Cy^radH'-HM). 

Thus, ifFeV, then there exists {v,p) eV^^x H'-'^{M)/R such that 

F = V + {1 — >C)^"'^grad p 

and the pair {v,p) are solutions of the Stokes problem 

(1 - C)v + grad p = {1 - C)F, 

div V = 0, 
V satisfies boundary conditions 
prescribed to elements of V. 

The summands in \5.i[ ) are (•, orthogonal. Now, define the Stokes projector 

Ve{F) = F-{1- r^igrad p. 



(5.1) 



(5.2) 



(5.3) 
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Then, for s > (n/2) + 1, V : T^" T^"^, given on each fiber by 
is a C°° bundle map covering the identity. 

Proof. Acting on divergence-free vector-fields, C = A^. Thus, the proof that 'Dfi^mix ^ 
C°° subgroup of shows that the Stokes problem { f).2\ ) has a unique solution {v,p) G 
VJ, X i?'-i(M)/M for any F G V^ r > 1. 

It is easy to verify that the summands in ( |5.1| ) are (•, •)e-orthogonal, so it only remains 
to show that V is smooth. For G F^®'', let F = o r/"^ and let {v,p) solve (|5^ . By 
(|5.3|) , it suffices to prove that 

[(1 - Cy^grad p]or]=[{l- £)-igradA-Miv(l - C){v - F)] o t] 

is smooth. Letting = vorj G F^C5^, we have the equivalent expression for [(1 — £)^^grad p] 
r] given by 

(1 - ^-y, ° S^v ° A^, ° di^r, ° (1 - 'C)^(V-^ - F^) 
which is a C°° bundle map by Proposition |6| together with Lemmas ^ and ^. □ 

6. A NEW RIGHT INVARIANT METRIC ON ^^^jy, T^^j, mix ^^S GEODESICS 

Recall that a i(;eaA; Riemannian metric on a Hilbert manifold is given by a map 
7 which assigns to each m A4, a continuous positive-definite symmetric bilinear form 
7(m) G T^A4 ®T^M., which is C°° with respect to m G M.. The metric 7 is termed weak, 
because it defines a topology which is weaker than the original topology on M (and hence 
onT^A^). 

In general, the geodesic flow of a weak metric does not exist. A simple example is given 
by the lack of a well-defined exponential map for the usual metric on when dM is 



not empty. Nevertheless, the seminal paper of Ebin-Marsden |17| proves that it is indeed 



possible to define a weak right invariant L metric on for manifolds with boundary, and 
that this weak metric induces a (weak) Levi-Civita covariant derivative and geodesic flow. 
As we have described, the geodesic flow of the invariant Lp' metric on 2?^ generates solutions 
to the Euler equations of ideal hydrodynamics; we shall introduce a new weak invariant 
metric on which, remarkably, also generates geodesic flow that solves the equations of 
ideal non-Newtonian second-grade fluids as well as the averaged Euler or Euler-a equations. 
Let 0^ denote either ^, P* ^y, or and let g denote the induced inner-product 

on the fibers of [T*M(g) r*M]*®^. 

Proposition 3. Define the bilinear form (•,-)e on Tg©* as follows: for X,Y G Fg©^ and 
a > 0, set 

{X,Y)e= [ {g^iX{x),Y{x)) + ^U£x9ix),£Y9ix)))fi{x), (6.1) 

and define a bilinear form on each fiber of T<3^^ by right translation so that for X^, 1^ G 
T (ft** 
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Then (•,•), given on each fiber by is a right invariant weak Riemannian metric on 

Proof. That (•, •) is C°° on (5^ follows from Lemma |l|. That {■,-)n is a positive-definite 
symmetric bilinear form is proven as follows: 

2Def u = £ug = Vu + Vn*, 

so for any of the boundary conditions prescribed on elements of Te0^, we have that 

< 2Def*Def u = -{A + 2Ric)'u, 

so that integrating by parts (and noting that the boundary terms vanish), we may express 
(•, •)e in the equivalent form 

{X,Y),= I g^{{l- Ar)X{x),Y{x))^l{x). 

JM 

Since (1 — A^) is a self-adjoint positive operator (on vector fields that are divergence- free) , 
this shows that (•, •) is a well defined C°° weak invariant Riemannian metric on (S^. □ 

The metric (•, •) is invariant under the action of (S^, so the subgroups of the volume pre- 
serving diffeomorphism group that we have constructed play the role of both configuration 
space as well as symmetry group (this is the massive particle relabeling symmetry of hydro- 
dynamics). In order to formally establish the equations of geodesic motion of the invariant 
metric (•, ■) on we shall make use of the Euler-Poincare reduction theorem. The reader 
unfamiliar with this symmetry reduction procedure is referred to Appendix ^ for a brief 
discussion. 

Proposition 4. Let the pair (6^, (•, •)) denote either j^, ^, or T>^^^-^ together with 
the right invariant Riemannian metric defined in ( \6. Then, a curve r]{t) G is 
a geodesic of {■,■) if and only if its projection onto the fiber over the identity given by 
u{t) = f]{t) o r]{t)^^ E 7e0f( is a solution of 



(1 - a^Ar)dtu + Vu(l - a'^Ar)u - o^Vu* ■ ArU = -grad p, 
div u = 0, ■u(O) = uq, 

together with the boundary conditions 

u = OondM if = P^^^, 



[VnUY^^ + Sn(U) = J ^ 



(6.2) 



u = on r 



g{u,n)=0, \ ^j^p^ [> if %=%,rmx, 



(V,n)t-- + S„(n) =0 
where grad p is completely determined by the Stokes projector "P, 
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Proof. From part (d) of Proposition ^, the reduced Lagrangian is given by {■,-)e, so that 
r]{t) is a geodesic of (•, •) on if u{t) = rj{t) o r]{t)~^ is a fixed point of the reduced action 
function (on an arbitrary interval (a, b)) s : Tg©^ — > M given by 

Siu) = \j^ {u{t),u{t))edt. 

Let e 1-^ r/^ be a smooth curve in 0^ such that rf = -q and {d/ de)'q'^\e=Q = 5r] G Trj&^^; the 
map 1 1— > is the variation of the curve r]{t) on the interval (a, 6) and 6ri{a) = Sr]{b) = 0. 
The curve e i—>- •q'^ induces a curve e i— > u*^ in the single fiber Te©^ such that = u and 
(d/de)ii'^|e=o = f^^- The Euler-Poincare reduction theorem gives the relation 

6u = dt{6ri o 7]^^) + [6r] o t]"^ ,u]e- 

Computing the first variation of the action s, we have that 

ds{u) ■ 5u 

(^g{u,6u) + 2a^g(Def it,Def (5u)) jidt 



a JM 
b 



Ja Um JdM 



dt. 



Since u and 6u satisfy the boundary conditions prescribed to elements of Tg©^, the boundary 
term in the above equation vanishes, leaving only 

ds{u) ■ 6u = / / g(^{l — Ar)u,dt{dr] o r]^^) + [Sr] o r]^^ ,u]e) fidt. 

Ja JM 

Using the formula [x, y]e = VyX — VxV and integrating by parts, we obtain 
ds{u) ■ 6u 

= [ I g{{l- a^l\r)dtu + Vu{l- c?Ar)u- a^Vu^ ■ /\rU,5riori'^)lidt 

Ja J M 

= / {dtu + (1 - a'^Cy^ [V„(l - a^Ar)u - a^Vu* ■ A^n] , 5r] o r]-^)/t, 

J a 

where again C = — 2Def*Def. Since right translation is an isomorphism, 5rj o r/"^ G ^6*5* is 
arbitrary, so u is a fixed point of s iff 

dtu + Ve ((1 - a^Cy^[Vu{'^ - a^A)u - a^Vu* • An]) = 0, 

and this is precisely (|6.2| ), as (1 — a^C)dtu = (1 — Ar)dtu since divc^tu = 0. □ 



In the next section, we prove Theorem ^ by establishing existence and uniqueness of 
geodesies of the invariant metric. The following simple lemma will play a fundamental role. 

Lemma 3. For s > (n/2) + 1, let n, w S TeD^^j-,, and consider the unbounded self-adjoint 
operator (1 - C) on with domain D{1 - C) = H'^{TM) n H^{TM). Then 

(1 - C)VuV =V„(1 - Ar)v - dw[Vv ■ Vu* + Vv ■ Vn] - grad Tr[Vn • Vv] 
+ (V^Ric) • V - grad Ric(n, v) - Tr[V(i?(u, » + R{u, -jS/v]. 
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Proof. First notice that for s > (n/2) + 1, V^w is an H^^^ vector field on M wliose trace 
vanishes on dM; thus, it makes sense for the operator (1 — C) to act on V^v. 

Recall that C = — (A + 2Ric + grad div), so we begin by computing the commutator 
of [— A, Vu]. Let {ci} be a local orthonormal frame, and write the Hodge Laplacian A = 
— {d5 + 6d) acting on 1-forms (identified with vector fields) as A = VgiVe^ + Ric, so that 

AVuV = Ve,Ve,(V„7;) - Ric(V„f). 

Using the definition of the Riemannian curvature operator, we compute that 

Ve,Ve,V„f = Ve, e,)f ) + Ve, (V[e,_„]t;) + Ve, V„Ve,^; 

= V„Ve,Ve,f + Ve,(V[e,,,]t;) + V[e,,,]Ve,^; 

+ Ve, {R{u, ei)v) + R{u, ei)Ve,v + V„Ric(i;) - V„ (Ric(z;)) . 
Expressing u as u^ej, we see that [ei,u] = ei[u^]ej\ hence, one may easily verify that 

V[e„«]Ve,u = div[Vt; • Vn], 
Ve, (V[e,,„]?;) =div[Vt;- Vn*], 

so that 

- AV„z; = - V^Au - div \yv ■ Vn* + Vn • Vn] - (V„Ric) • v 
- Tr [V(i?(n, » + i?(n-)Vn] . 

Using the fact that divVnn = Tr(Vn • Vn) + Ric(n, n), and combining terms involving 
the Ricci curvature gives the result. □ 

We remark that if we embed M into its double M, smoothly extending g, and let (1 — C) 
denote the operator (1 — 2Def*Def) on M, then it makes sense for Ro{l — C)oE to formally 
act on an arbitrary vector fields on M . Here, R denotes restriction and E denotes extension; 
see the proof of Theorem ^ for a more detailed construction of such an operator. It follows 
that the above lemma also holds for the groups ^ and 2?* when the operator (1 — £) 

acting vector fields which vanish on dM is replaced hy Ro [\ — C) o E. 

7. Proof of Theorem || 

Let us denote the covariant material time derivative by {S/ /dt). For the remainder of 
this section we shall, for convenience, set a = 1. The unbounded, self-adjoint operator 
(1 - £) = (1 - 2DePDef) on L^{TM) has domain H^{TM) n Hl{TM). 

Proposition 5. For s > {n/2) + 1, let rj{t) be a curve in ^, and set u{t) = r] o r](t)^^ . 
Then u is a solution of the initial- boundary value problem ( ji.^ j with Dirichlet boundary 
conditions u = on dM if and only if 



^ + [-1/(1 - £)"^ A^n + U{u) + 7^(n)] 



0, (7.1) 



where 

U{u) =(1 - £)"^{div [Vn • Vn* + Vn • Vn - Vn* • Vn] + grad Tr(Vn • Vn)} 
7^(n) =(1 - Cy^{TT [V (i?(n, » + i?(n, ■)Vu + i?(Vn, >] 

+ grad Ric(n, n) — (V„Ric) • n + Vn* • Ric(n)} , 
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and Vri '■ Tr{D^j-) — > Tj^V^ ^ is the Stokes projector. 

Proof. We first set 1^ = 0. Covariantly differentiating rj = u o rj yields 

— or] = dtu + VuU. 
at 

Using Lemma ^, we obtain that 

(1 -C)(^^o r,-"^ =(1 - Ar)dtu + (1 - C)VuU 

=(1 - Ar)dtu + V„(l - Ar)u - div[Vu ■ Vu* + Vu ■ Vu] 

— grad Tr(Vu • Vn) — grad Ric(n, u) 

- Tr [V(i?(u, » + Riu, ■)Vu] + (V^Ric) • u. 

Now Vn* • Au = div[Vn* • Vu] + grad (/) — TtR{Vu, ■)u — Vn* • Ric(n), for some : M ^ M; 
lience, 

(1 - Ar)dtu + V„(l - Ar)u - Vn* • An = -grad p 

if and only if 

— o ry-i + Uiu) + 7^(n) = -(1 - £)"^grad p, 
at 

for some p : M — > M, and by Proposition ^, this is precisely equation ( |7.1|) w ith v = Q. 
Adding the term Vr^ o — — C)~^ArU o r/ to produces the equation (|1.2D. □ 

We can now proceed with the proof of the theorem. We first consider the inviscid case 
first with the viscosity u = 0. 

By Proposition ^, the geodesic flow of the invariant metric (•, •) is the solution of 

^ = Sr,{v) := (1 - Vr,)^ - Vr, o {Ur, + n^)v, 

where S is the bundle map covering the identity given on each fiber by Sr^, and 

Ur,{X^) = [U{Xr, o r?-i)] o r?, Ur^iX^) = [1Z{X^ o r?-i)] or] V E T^©^. 

Now the second tangent bundle T^Vf^ n is identified with maps y : M ^ T'^M which 
cover some E T^P^^,. The second-order vector field i) : M T'^M is just such a map, 
covering r) G d • 

Using a local representation, we may express the material time derivative above as the 
system 

V = H,, 

= ^ = }3{r], f]) = -Tr^i'q, i]) + 
r/(0) = e, 
F^(0) = no. 



since V'q/dt = fi + Vj^{r], if), where Vn{r], fj) is the Christoffel map, given in a local coordinate 
chart on M by r^(2.)(77, fj) = r*^(x)(77 o r]~^y{fi o r]~^)^. B{r], fj) is the principal part of the 
geodesic spray of (■,•) on T)^ j^; hence, with U denoting a local open neighborhood of 
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rj G ^^D' establish the first assertion we shah prove that B maps U x H^{TM) into 
H^(TM), and that B is C°°. The result then follows by application of the fundamental 
theorem of ordinary differential equations on Hilbert manifolds (see |27], Theorem 2.6), and 
the existing time-reversal symmetry t i— > —t. 

As the Christoffel map is a C°° map of x H^{TM) into H^iTM) (since g is C°° and 
is a multiplicative algebra), we must show that Srj is C°°. Since : TrfD^j-^ — > T^I** 

is C°° by Proposition ^, to show that Vrj o Un : 7"r?^^^ d ~^ ^f?^^ D suffices to prove 

that 

° di^^ ° [V(r? o r?-i) or? • V(r) o r?-i) o r?] : ^ T^Pf, 

and 

(l-^)-\ ° i^^r, o Tr[V(r) o t]-^) o t] ■ V(7? o 7?-^) o 7?] : T^P^^^ ^ T^P|) 
are C°° bundle maps. But this follows from Lemmas ^ and |6| together with Proposition |^. 
Since R and Ric are C°° on M, a similar argument shows that Vri ° T^-q '■ ^r?^^ d ~' '^v^l D 
is as weh. 

We next prove that (1 - ^^) o (Vri/dt) is C°°. Since 9*^ G TeV^^ j^, 

— Vt) 

T'r, o — = [Sf-U, + Ve{VuU)] o ry, 

so that 

(1 - Vri) o {Vf]/dt) = -(1 - /:)"^grad p o r/, 
where p depends on v and the pair {v,p) is a solution of the Stokes problem 

(1 — Ar)v + grad p = {1 — C)S/uU 
div f = 
t; = on dM. 

Since s > (n/2) + 1, (1 — C)VuU is in H^^^{TM); the argument in Step 3 of the proof 
of Theorem || then gives a unique solution {v,p) G V^"^ x i/*^^(Af)/M. If — 1 < s — 3 < 0, 
then the pair {v,p) is interpreted as a weak solution. 

A priori, (1 — £)~^grad p is only in H^~^, but we shall show that, in fact, (1 — £)~^grad p 
is actually of class H^. We have that 

(1 - £)"^grad p = (1 - /:)~^gradA-Miv(l - C){v - V„u). 

We embed M into its double M, extending g to Af, and choose a C°° extension of u to M. 
For any vector bundle £ over M, let 

denote the linear extension operator, and let R denote the corresponding restriction opera- 
tor. Let jC denote Ro C o E; then it makes sense to form the commutator of the operators 
div with C, and the operator 

[div,i:] : H'-iTM) ^ H'^-^TM) 

is continuous. Notice that as C is a local operator, if = on M, then Cw = by the 
property of the extension operator given above. Since div v = 0, 

-(1 - £)"^gradA"Miv£w = -(1 - /:)~^gradA~^[div, 
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which is in H^'iTM) n H^{TM), since 

-(1 - £)~^gradA-^[div, C] : H'-\TM) n H^{TM) W{TM) n H^{TM) 

is a compact operator. 

The identical argument shows that —(1 — i2)~-'^gradA^-'^[div, £]Vuii is in H^{TM) fl 
H^{TM), since V„u is in H''-^{TM) n H^{TM). Since divV^u = Tr(V'u • Vn) + Ric{u,u) 
is an //''"^ vector field on M, and since 

-(1 - £)-^gradA-i£ : H'-\TM) H%TM) n H^{TM) 

compactly, we see that 

-(1 - £)"^gradA"Miv£V„n 

is in fact of class H^. Regularity up to the boundary immediately follows from the fact 
that VuU = on dM. Thus (1 - £)"igrad p is in H'^, and from Section ^ it follows that 
[(1 - /:)"^grad p\or]is in H^{TM). 

The fact that u is the unique solution of (1. 
^. That u is in C^{I,V^^) H C^(I, V^~^) and depends continuously on the initial data uq 
follows from the fact that the inversion map {rj i— > : T>^ ^ is only C", but is 
when considered as a map from into 2?*~^. 

This proves the theorem for the case = 0. 

Next, we consider the viscous case u > 0. We need only show that the viscous term, 
thought of a bundle map, 7? ^ V^[{1 - Cy^Ar{^ o r]'^)] o rj : T^P^^^ ^ ^'y^^.D is a C~ 
bundle map. But this map is the same as Vrj o (1 — C)~^^ o (Aj.)r], which is a C°° bundle 
map by Proposition |2| and Proposition |6[ 

The viscosity destroys the time-reversal symmetry, so the solution is now defined on /. 
This concludes the proof of Theorem 

8. Proof of Theorem || 

The existence of the unique Levi-Civita covariant derivative of the right invariant metric 
(•, •) on £) is an immediate consequence of the smoothness of the geodesic flow of (•, •) 

provided by Theorem |2|. The formulas for V then follow from the fundamental theorem of 
Riemannian geometry. 

As to the properties of the curvature operator, right invariance of R follows from the 
right invariance of V. Next we prove that R is bounded in H'^ for s > ^ + 2. 

Extend X^, Y^^, Z^^ G ^r;^^ d *o smooth right invariant vector fields x^, y**, z"^ on 2?* ^ and 
let X = x'^{e),y = y^'{e), and z = z^{e). Let 

M,y =(1 - Ve) o + {l/2)Ve o y) + fH(x, y)). 

As the proof of Theorem ^ shows, M has the following property: 

If X and y are divergence-free vector fields on M, and s is sufficiently large so that 
H'^^^iTM) forms a multiplicative algebra, then there exists a positive constant c, such 
that \Mxy\s < c\x\s\y\s- 
Now, since V is right invariant, we have that 



with u = is the statement of Proposition 
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= [{Vy + My){V^ + M^)z] o rj - [(V^ + M^)(Vy + My)z] o rj 

+ [C^lx,y] +M[^,ij])z] or] 

+ [{V^,My}z + {M^, Vj,}z] o r/, 

where {•, •} denotes the commutator of operators. 

Since R{x, y)z or] = [{DyDx — D^Dy + D[^^y-^)z] o this term is clearly continuous in H^, 
as R, the curvature of V on M, is C°°. 

That {x,y,z) 1— > [(M^M^: — M^My + M[a; ,/])z] o r/ is continuous in H'^ follows from the 
above property of M; namely, [x,y] € H^~^{TM) and for s > (n/2) + 2, H^~'^{TM) forms 
a multiplicative algebra so that 

|M[3,^j^]2;|s_i < c|[x,y]|^_j2;|s_i < c[xyy!s|z|s. 

Finally, continuity of (x, y, z) 1— > [{V^, + {Mr, V^jz] 077 in follows from the fact 

that the commutator terms are both order-zero differential operators, together with the 
property of the multiplicative algebra. 

9. Smoothness of differential bundle maps over the identity 

Let denote either Pf^, or 2?^^^. Suppose L : H%E) H^-^{F) is an order / 
differential operator between sections of two vector bundles E and F over M. The purpose of 
this appendix is to carefully explain why R^oLoR^^^ : H'{M, E) [ ^ H'-^M, F) [ 
is smooth, even though the map r] ^ rj~^ : 0* — > is only C^. That R^ o L o ii^-i is 
C°° follows from the special structure of exact sequences covering the identity map. 

A sequence of vector bundle maps over the identity E ^ F G is exact at F if 
range(/) = ker^g); split fiber exact if ker(/), range(/)=ker(5(), and Tange{g) split in E,F, 
and G, respectively; and bundle exact if additionally ker(/), range(/)=ker(g(), and icange{g) 
are subbundles. It is standard (Q, Proposition 3.4.20) that a split fiber exact sequence is 
bundle exact, so that if E, F, and G are Hilbert vector bundles, and the sequence is exact 
at F, then ker(/), range(/)=ker(5f), and range(5f) are subbundles. 

Let M denote the double of M, and set F''(A^) = H''{A''{M)), the H" class sections of 
A^{M). Let H^{A^) denote the H'^ class maps of M into A'^(M) which cover 77. 

Lemma 4. For s > (n/2) + I, the map (r/ ^ Trj) : V [H''{TM)* ® H^-^{TM)] [ V is 
G°°. 

Proof. For each x G M, the metric g induces a natural inner-product, say g, on elements of 
T*M ®T^(^)M , and hence a weak metric on H%TM)* ® H^-^{TM) given by /^.^ g{-, 
There exists a unique Levi-Civita covariant derivative associated with this weak metric 
which we denote by V. The covariant derivative V is induced by the connector K, which 
is the functorial lift of the connector K uniquely associated with the metric g thru the 
fundamental theorem of Riemannian geometry (see Theorem 9.1 in [p^]). 

Let us denote the map 77 1— > T77 by s, i.e., s{rj) = Trj. Continuity of s is immediate. Thus, 
we shall show that s is of class . Let e 1— > t?*^ be a smooth curve in such that r]^ = r] 
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and (d/(ie)|,=ory' = Vr, e Tr,V'; then, W„s(?7) G H'{TM)* ® H^-^{TM) is computed as 



=0 de 



e=0 



where V denotes the unique Levi-Civita covariant derivative in the pull-back bundle r]*{TM) 
associated to the metric g on M. Specifically, for W G T^M and Vr^ G ri*{TM), Vi4/V^(x) 
has the local expression 

VwVr,{x) = TV^ix) ■ {Tr]{x) ■ W{x)) + r^(,) {V^{x),Tr]{x) ■ W{x)) , 

where 'i^rj{x) denotes the Christoffel symbol of the metric g evaluated at the point ri{x) G M. 

We compute the operator norm of Vs(77) G }lom{H^{TM),H''{TM)*(^H^-^{TM)) which 
we shall denote by | ■ |op. We have that 

|Vs(r/)|op = sup \'^'^v\h={tm)*^h^'''^{tm) 

Vr,€H^,\Vr^\s = l 

= sup sup iVwVvls-i 

V,,€H^,\Vr,\s=l WeH'>,\W\s=l 

< sup sup |vy[s_i \W\s 

V„€H^,\Vr,\s = l WeH0,\W\s = l 

< C(<7,|rr?|,„i) <oo. 

Computing the supremum of |Vs(r7)|op in a neighborhood of rj yields the topology; as 
the supremum is finite, we have established that s is a map. 
To see that s is of class C^, we compute in a local chart 

^ VV^. = TVr,{x) ■ Vtyy^(x) +Tr^(,) • Tr,{x) {Vr,{x),Tr,{x) ■ W{x)) 

+ ^r,ix) %{x),VwV^{x)) . 

Since Tr] is in the multiplicative algebra H^~^, and T G C°°, the same argument as above 
shows that s is C^. In particular, we see that the kih. derivative of s is a rational combination 
of ry, Trj, Vl^ and derivatives of F, which combined with our argument showing that s is 
together with the fact that multiplication of H^~^ maps is smooth, shows that s is for 
any integer A; > 0, and hence that s is C°°. □ 

Define d : H^{A^) I —>■ H^~^{A^~^'^) [ (S* to be the bundle map covering the identity 
given by 

d^(a^) = [d(a^ o r]-^)] or] V G H^{A^). 

Similarly, define 6 : H^{A^) j H'^''^{A''~^) j 0' by = [5(a^ o t]-^] o r]. Lemma A.2 

of states that these bundle maps are smooth. We give the following proof. First note 
that, as d is an antiderivation satisfying 

d{aAP) = daA/3+ (-l)^a A dp V a G A^ 

it suffices to give the proof for A; = 1, in which case da = Va — (Va)*, where V is the Levi- 
Civita covariant derivative on T*M. Using the chain rule, we see that = [V o Tr]~^ — 
(V o Tr]~^Y] o r]. Now Tr]~^ is of class H^~^ whenever r] is an class diffeomorphism, so 
the proof of Lemma § shows that d is C°°. The fact that 6 is follows from a similar 
argument. We also have the following 
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Lemma 5. For s > (n/2) + 1, if Xr,,Yr^ G H^i{TM), then 

dhF^o [V(X^ ory-i) o?7 • V{Y^ o r]-^) o r]] e H^-^{TM). 

Proof. We identify A'^,l^r? G H^{TM) with ari,Pn ^ -f^^C^"*^)) respectively. It then suffices 
to prove that 5rj o [dj^[ari) • dri{f3ri)) is in H^~'^{A^), and hence that d^(a^) • drj{Pn) is in 
H^~^{A^) (since 6 is C°°). But this follows since is a multiplicative algebra, and d is 

a bundle map. □ 

A similar argument yields 

Lemma 6. For s > (n/2) + 1, G H^{TM), then 

i7^^oTr[V(X^or?-i)or? • V(y^ o j^-i) o G ^^^-^(rM). 

We shall need Lemma A. 3 in [1171 which we state as follows: 



Lemma 7. Let tt : E ^ M be a vector bundle, let J be a finite dimensional subspace of 
H^{E) consisting of C°° elements, and let *p : H^{E) J' be a continuous orthogonal 
projector onto J. Then J = Jr^ [ is a subhundle of H^{M,E) | for r < s, 
where = {f £ H''{M,E)\f G Rr,J}. Furthermore, ^ : H^^ i V ^ J, given by 
= i?^ o *p o Rj^-i is a bundle map. 

For the remainder of this appendix, A shall denote the bundle map given by ^^^(q^) = 
[^(a,; o r]~^)] o T] for any linear operator A acting on H^{A^). We shall use the notation W 
to denote the bundle Wr; j T)^ for any vector space W. For example, H'^(A^) shall denote 
H^{A^) i V\ 

Again, for r > 1, let V denote the vector fields on M which satisfy the boundary 
conditions prescribed to elements of Tg©'^, and let = {u o r/: u G V}. 

Proposition 6. Let C = — 2Def*Def and define C by Cjj = TR^ o £ o TR^-i. Then, for 
s > (n/2) + 1, and r > 1, the bundle maps 

(!-£) : i ^ Hl-^{TM) [ ©^ 



(1 - /:)-! : W^-^{TM) i ^ i 

are C°°. 

Proof. By the L^ orthogonal Hodge decomposition, 

H'{A^) = d{H'+\A''-^)) e 5{H''+\A''+^)) ® n^Ms^ 
where 'H'l^ij, = {a G ff*(A^) | da = and 5a = 0} denotes the Harmonic fields. 



[\ieT{d)]^ = 5 [W+^{A^+^)] and [\.eT{5)]^ = d[W+^{A^-^)] . (9.1 



fields 

Hence, 



Let vr denote the L^ orthogonal projection of i7*^^(A*''+^) onto "Hj^g^^'^^^, and let p = 
^ld(_H"''(A'=)) denote the restriction of vr to d{H^{A^)), so p : d{H'^{A^)) '^fj^lds^^- Since 
'^lieids'^^ is a finite dimensional subspace of H'^~^{A''~^^) consisting of C°° elements. Lemma 
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1^ asserts that p is a smooth bundle map, and that im(p) and hence im(l — p) is a subbundle. 
We may thus form the following exact sequence 

H^iA'') I ^ im(l - p) 4 i/^^-2(A'=+2) i V\ 

Since d is a C°° bundle map, this shows that kei{d) and im{d) are subbundles.0 

Now let p2 : 6{H^{A'')) C H^^^{A''^^) T~Liieids^^ restricted orthogonal projector. 

Then by the same argument p2 is a smooth bundle map and im(l— P2) is a subbundle. Hence, 
we may form the exact sequence 

H'^{A^) i V' I im(l - P2) i H:^-\A^-^) i V% 

and thus obtain that ker((5) and im((5) are subbundles. 

Using (|9.1|), we may restrict the domain and range to ensure that the maps d : 5{H^'^'^ {A^'^^)) 
d{H'{A^)) and 5 : d{H'+'^{A''-^)) 6{H'{A'')) are isomorphisms. 

To find the inverse of d between these vector spaces, first let uj = 5[3. Then 

du = d5l3 =^ 6duj = 6d{6/3) = {dS + Sd){6/3) = -A6/3 = -Acu; 

therefore, to = {—A)^^6diL! = 6{—A)^^duj, so that 6{—A)~^ is the inverse of d. Similarly, 
we find that d(— A)^^ is the inverse of 5. 

Next, let P3 : ker6 = 6{H'^+H^''^'))®n'/eMs ^ '^fLs so (l-pa) : ker,5 ^ 5(/7«+i(A'=+i)). 
Now p3 is a smooth bundle map by Lemma 0, and since ker(5) is a subbundle, we may form 
the exact sequence 

Thus, the im(p3) is a subbundle from which it follows that im(l — P3) = 5{H^'^^{A^+^)) 
is a subbundle, so that it makes sense to define 

d : 5(if^+i(A'=+i)) ^ im(d) 

as a smooth bundle isomorphism. A similar argument allows us to define 

as smooth bundle isomorphism. 

We have shown that the bundle map 6{—A)~^ covering the identity is the inverse of d 
which is smooth; hence, by the inverse function theorem, the bundle map 6{—A)~^ is also 
smooth. On the other hand, d{—A)~^ is the inverse of 5, and by the same argument is 
smooth. Since d and 5 are C°°, then (— A)"^ is C°° on im{d) © im{5), and hence —A is 

C°° on 'H^lf.iiig again by the inverse function theorem. 

Thus far, we have been working with sections of differential fc-forms over the boundaryless 
manifold M. We shall now restrict our attention to class sections of A^{M). Letting 
n denote the outward-pointing normal vector field on dM, for r > 2, we define the closed 
subspace of H'\A^{M)) by 

H\ = {ae H^{A{M)) I nJa = 0, (V„a^)*'^'^ + Sn{a^) = on La, 

and a = on Fi}, 

''That ker(d) and im(d) are subbundles is the statement of Lemma A. 4 in we have supplied a short 
proof simply to correct some typographical errors and provide some needed clarification. 
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and for 2 > r > 1, set 

= {a G H''{A{M)) I nja = on T2, and a = on Ti}. 

Note that the restriction operator to these subspaces is a continuous hnear map. C is 
a self-adjoint hnear unbounded nonnegative operator on with D{C) = H\, and C : 
im(d) © im((5) is an isomorphism. It follows that {1 — C) : H\ — > H^{A.{M)) is an 
isomorphism. Since 

C = -(A + 2Ric + d(5), 
and since we have proven that A^, d^, (5^, and Ric^ are C°° bundle maps, it follows that 



{l-C): m\ i ^ H:-\TM) i 6^ 
is a C°° bundle isomorphism covering the identity, so that by the inverse function theorem. 



(1 - : H:^-\TM) [ 0^ ^ m\ i 0^ 

is as well. 

This proves the theorem in the case that = 'C'mix- case that = P^, simply 

set Ti = 0, and for &^ =Vfj, set r2 = in the definition of iJ^^. □ 

10. Other Models of Fluid Motion 

10.1. Third-grade fluid equations. Set A = £ug and ai = a^. Let 02 > and /3 > 

be positive constants. The equations of a third-grade incompressible fluid on a compact 
Riemannian manifold with boundary are given by 

dt{l — Qi Ar)n — uArU + Vm(1 — qi Ar)u — ai(Vn)* • A^u 

- (ai + 02) {A ■ ArU + 2divVn • Vn*) - /?div [Tr(A • A*)^] = -grad p, (10.1) 

together with the incompressibility condition div u = 0, the Dirichlet boundary condition 
u = on dM, and initial data u{0) = uq. This system of equations was derived (for 
bounded subsets of M") by Rivlin and Ericksen |3S]; equation ( |10.1| ) generalizes the theory 
to Riemannian manifolds. 

For the purpose of proving well-posedness, we set all of the constants equal to one. 



It is then clear that the third-grade equations differ from equation (1.2) by the terms 
AArU + div [Vu ■ Vii* - Tr(^ • A^)A] . We can once again transfer the complicated study 
of the initial-boundary value problem for ( 10. 1| ) to the problem of studying an ordinary 



differential equation on TP^ ^. The problem of well-posedness for this system of equations 
in Euclidean space has been studied previously in and 

Proposition 7. For s > {n/2) + 2, let r][t) he a curve in j-,, and set u{t) =770 r]{t) 



-1 



7] 



0, (10.2) 



Then u is a solution of the initial-boundary value problem (10.1) with Dirichlet boundary 
conditions u = on dM if and only if 

Vr^o ^+ - C)-^ArU + T{u) + U{u) + 7^(n)] 

where lA and IZ are defined in Proposition 

r{u) = (1 - C)-^ [AArU + div (Vn • Vu* - Tr(^ • A^)A)] 
and Vn '■ T^T^^ — > T^Vf^ ^ is the Stokes projector. 
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Proof. The proof follows trivially from Propositions ||. □ 

Theorem 4. For s > (n/2) + 2, and uq G T^D^^jj, there exists T > depending on \uo\s 
and independent of u, and a unique curve f] in TVfy ^ satisfying ( \10.^ ) with 77(0) = e and 
77(0) = Uq such that 

has C°° dependence on uq. 

For r >1, let = {tt € H'^iTM) nHQ{TAI) \ div u = 0}. Then u = fjor]^^ is a unique 
solution of the initial value problem ( \10. 1\ ), and 

uGC^{[o,T),vpnc\[o,T),v'^-^) 

has dependence on uq. 

Proof. From Proposition |^ it is clear that the proof is identical to the proof of Theorem § 
once we show that rj [T{r] o rj^^) o r] : T-qV^ — > Tri^^ is a C°° bundle map. The result 
follows from the fact that for s > (n/2) + 2, H'^~^ is a multiplicative algebra, so that the 
terms A ■ A^u and div(Tr(^ • A^)A) are of class H^~^ whenever u G . This observation 
together with the results of Section ^ complete the proof. □ 

10.2. A shallow water equation. For s > 3/2 the set I''^([0, 1]) is the Hilbert group of 
Dirichlet diffeomorphisms, and reP*([0, 1]) = H%Q, 1) n Hl{^, 1). 

Consider the right invariant metric (•, •) on I^*([0, 1]), given at the identity e by 

(X,y)e= / {X{x)Y{x) + X^{x)Y,{x))dx. 
Jo 

As computed in for the group 'D^{S^), formal application of the Euler-Poincare Theorem 
P shows that if u{t) = o r]{t)^^, then r) is a geodesic of (•, •) on V^^O, 1]) if and only if 
u(t) is a solution of 

u(0) = 0,m(1) = 0, (10.3) 

m(0) = Uq. 

This equation was derived in |9| (see also (2^]). In we proved local well-posedness for 
the PDF ( [10. 3D in the case that periodic boundary conditions are imposed for all initial 
data Mo in H^{S^), s > 3/2. Our method relied on proving that the geodesic spray of the 
metric (•, •) on T)^{S^) is smooth. We may do the same same for on V^{[0, 1]). 

Theorem 5. For s > 3/2, and uq € -ff'^(0,l) fl i?g(0, 1), there exists an open interval 
I = {—T,T), depending on \uo\s, and a unique geodesic rj of (•,•) satisfying the ordinary 
differential equation 

i) = B{v, V) = - [(1 - dlr'd.iu'' + ul/2)] o rj, 
r/(0) = e, 

77(0) = Mo, 

such that 

(r?, ,?) G C-(/, V%[0, 1]) X H^O, 1) n i/i(0, 1)) 
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has C°° dependence on uq. 

Furthermore, u = rj o rj^^ is a unique solution of the initial value problem ( lO.S^ ), and 

u G C{i,H'{id,i)r\Hl{id,i))r\C^{i,H'-^{Q,i)nHl{{),i)) if s > 2, 

u G C{I,H%Q,l)r\Hl{<d,l))r\C^{I,H''^{Q,l)) if 2 > s > 3/2, 



and has C dependence on uq. 

Proof. For s > 3/2, rP''([0, 1]) = P''([0, 1]) x iJ*(0, 1) n Hl{Q, 1); thus to prove that ?) is a 
smooth curve in TP''([0, 1]), we need only copy the proof of Theorem ^ and show that B 
is a smooth map into the second tangent bundle T^D'^([0, 1]). We leave the trivial details 
to the reader. □ 

Having smoothness of the geodesic spray allows us to define the Levi-Civita covariant 
derivative associated to (•,•). 

Proposition 8. Extending X^, Yrj G TriV{[0, 1]) to smooth vector fields X, Y on P*([0, 1]), 
there exists a right invariant unique Levi-Civita covariant derivative V of {■,•) on P^([0, 1]) 
given by 

VxY{7j) = [dtiYr, o 7]-^) + d,{Y, o r/-i) • (X^ o rj-^) 

+ 077-1,^^077-!) I or/, 

where for allu,v G -f/'*(0, 1) nF^(0, 1), 

il(n, v) = {l- dl)-^d^{uv + 

For right-invariant vector fields X,Y on P*([0, 1]) which are completely determined by 
there value at the identity X(,,Y(,, 

VxY{e) = d,,{Ye) ■ Xe +it(Xe, Ye). 

Again, extending X^, Y^,, G T^P''([0, 1]) to smooth vector fields X, Y, Z on ^^([0, 1]), 
we define the weak Riemannian curvature tensor R of the weak invariant metric (•, •) on 
T>^{[0, 1]) to be the trilinear map 

R,:[T,V%[0,l]))f^T,V%[0,l]) 

given by 

Rr,{Xr„Yr,)Zr, = (VyV x ^ - (v x^Y z) ^ + (v [x,Y]Z) ^ , 7/ G P^([0, 1]). 

Using Milnor's Lie-theoretic formula for the sectional curvature at the identity of an 
invariant metric on a Lie group, Misiolek formally computed the sectional curvature of 
V at the identity; however the problem of showing that the weak curvature operator R is 
bounded in the strong topology was left open. We now establish this result. 

Theorem 6. The weak curvature operator R of the covariant derivative V on {[0,1]) is 
right invariant and continuous in the topology for s > (n/2) + 2. 
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Proof. Again, right invariance of R follows from the right invariance of V. 

Extend G T^X''*([0, 1]) to smooth right invariant vector fields x^,y^,z^ on 

I>*([0, 1]) and let x = x'"(e),y = 2/^'(e), and z = z^{e). Let M^y = H{x,y). Then 

R^{X^,Y^)z'^ = [{MyM^ - M^My + M[^^y])z] o r] 

+ [{V^,My}z + {M^,\/y}z]or], 

where {•, •} denotes the commutator of operators, and VxW = (dxw) ■ x. Since il(x,y) is 
in for x and y in H^, the remainder of the proof follows exactly the proof of Theorem 
I □ 

As should be clear from the above proofs, all of our results in this section also hold for 
the case of periodic boundary conditions. 
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Appendix A. The Euler-Poincare Variational Principle 

The reduction of geodesic flow on (or any of its subgroups) onto the single fiber of 
TP^ over the identity e is an example of the Euler-Poincare theorem (see |2^) which we 
shall now state in the setting of a topological group G which is a smooth manifold and 
admits smooth right translation. For any element rj of the group, we shall denote by TRrj 
the right translation map on TG, so that for example, when G is either T^^n, or 

then TR^-ii^ ■= o t]-\ 

Proposition 9 (Euler-Poincare). Let G be a topological group which admits smooth man- 
ifold structure with smooth right translation, and let L : TG ^ M 6e a right invariant 
Lagrangian. Let q denote the fiber T(,G, and let I : q ^ M. be the restriction of L to q. For 
a curve rjit) in G, let u{t) = Ti?^(j)-ir)(t). Then the following are equivalent: 

a the curve r]{t) satisfies the Euler- Lagrange equations on G; 
b the curve r]{t) is an extremum of the action function 

S{v) = j L{ri{t),'n{t))dt, 

for variations 5r] with fixed endpoints; 
c the curve u{t) solves the Euler-Poincare equations 

d_6l_ _ 

dt 6u ^ 6u^ 

where the coadjoint action ad^ is defined by 

{adlv,w) = {v, [u,w]r), 

for u,v,w in q, and where (•, •) is the metric on q and [•, is the right bracket; 
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d the curve u{t) is an extremum of the reduced action function 

s{u) = j l{u{t))dt, 

for variations of the form 

6u = w + [w,u\, (A.l) 
where w = TR^-i5r] vanishes at the endpoints. 



See Chapter 13 in |28] for a detailed development of the theory of Lagrangian reduction 
as well proof of the Euler-Poincare theorem. 
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